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Guido Leopold Weiss
MathSciNet

Ph.D. The University of Chicago 1956  

Dissertation: On Certain Classes of Function Spaces and on the Interpolation
of Sublinear Operators

Advisor: Antoni Zygmund

Students: 
Click here to see the students ordered by family name.

Name School Year Descendants
Hattemer, Jimmie Washington University in St. Louis 1964
Hunt, Richard Washington University in St. Louis 1965 27
Ogden, Robert Washington University in St. Louis 1970
Latzer, Robert Washington University in St. Louis 1971
Macías, Roberto Washington University in St. Louis 1974 7
Rubin, Richard Washington University in St. Louis 1974
Gandulfo, Roberto Washington University in St. Louis 1975
Chao, Minna Washington University in St. Louis 1976
Hemler, Michael Washington University in St. Louis 1980
Dorronsoro, José Washington University in St. Louis 1981 1
Hernandez, Eugenio Washington University in St. Louis 1981 2
Colzani, Leonardo Washington University in St. Louis 1982
Soria, Fernando Washington University in St. Louis 1983 11
Han, Yongsheng Washington University in St. Louis 1984 4
Tabacco, Anita Washington University in St. Louis 1986 1
Vignati, Marco Washington University in St. Louis 1986
Zaloznik, Ales Washington University in St. Louis 1986
Soria, Javier Washington University in St. Louis 1990 4
Paulszynski, Maciej Washington University in St. Louis 1992
Wang, Xihua Washington University in St. Louis 1995
Li, Xinwei Washington University in St. Louis 1996
Weiland, David Washington University in St. Louis 1997
Garrigos, Gustavo Washington University in St. Louis 1998
Corbett, Jonathan Washington University in St. Louis 1999
Gigante, Giacomo Washington University in St. Louis 1999
Rzeszotnik, Ziemowit Washington University in St. Louis 2000
Ho, Kwok-Pun Washington University in St. Louis 2002
Johnson, Brody Washington University in St. Louis 2002
Maggioni, Mauro Washington University in St. Louis 2002 5
Lim, Wang Washington University in St. Louis 2006
Blanchard, Jeffrey Washington University in St. Louis 2007
Houska, Robert Washington University in St. Louis 2009
Manning, Benjamin Washington University in St. Louis 2012

According to our current on-line database, Guido Weiss has 33 students and
95 descendants. 

We welcome any additional information.

If you have additional information or corrections regarding this mathematician, please use the
update form. To submit students of this mathematician, please use the new data form, noting this

mathematician's MGP ID of 6462 for the advisor ID.

Search About MGP Links FAQs Posters Submit Data Contact

(In a letter we have from Guido, he reported 48 students. He also co-advised many students not listed here.)
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We will only talk about a few selected topic from Guido’s work:
Early work on interpolation
Hardy spaces
Atomic and molecular decompositions
Spaces of homogeneous type
Wavelet related smooth decompositions and T 1-theorems

Unfortunately we will not be able to present other important
ones, such as:

Harmonic analysis on groups
Transference
Complex interpolation for families of Banach spaces
Commutators of singular integrals
Spaces generated by blocks
Deeper understanding of wavelets, frames, MRA
...and many more...
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Early work with Elias Stein (∼ 50’s)

Guido’s thesis at the University of Chicago (1956) was on
interpolation. In particular he proved an extension of the
Riesz-Thorin interpolation theorem for sub-linear operators
improving also on previous work of Calderón and Zygmund.

He then started to collaborate with Elias Stein. Among others
contributions they studied

Interpolation of operators with change of measure:
Let µ0,j and µ1,j be positive measurable function, j = 1,2,
and µs,j(E) =

∫
E µ

(1−s)
0,j µs

1,jdx , 0 < s < 1.
If T : Lp0,1(µ0,1)→ Lp0,2(µ0,2) , T : Lp1,1(µ1,1)→ Lp1,2(µ1,2) ,
then T : Lpt,1(µs1(t))→ Lpt,2(µs2(t)) , where sj(t) = tpt ,j/p1,j

p−1
t ,j = (1− t)p−1

0,j + t p−1
1,j , and j = 1,2.
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Restricted-weak type interpolation: Marcinkiewicz theorem
but assuming at the end-points restricted weak-type
(pj ,qj) . That is for all characteristic functions

|{x : |TχE(x)| > λ}| . (λ−1.‖χE‖pj )
qj

They also showed

|{x : |HχE(x)| > λ}| = 2|E |
sinh(λ)

where H is the Hilbert transform.
Power weight estimates for fractional integrals:(∫ (

|Tλf (x)||x |−β
)q

dx
)1/q

.

(∫
(|f (x)||x |α)p dx

)1/p

for appropriate values of the parameters and where
Tλf (x) =

∫
f (x)|x − y |λ−ndx , studied before by Soboleff

and Thorin.
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The theory of Hardy spaces in Rn (∼60’s)

In Guido’s own words1: “Elias Stein and myself decided to meet
Zygmund’s challenge and try to extend the study of these spaces to
higher dimensions. We were not the first ones who were trying to do
so. Certain directions immediately jump to mind: holomorphic
functions of one complex variable may be replaced with holomorphic
functions of several complex variables; the unit disc has two natural
higher dimensional counterparts: the polydisc and the unit ball.
Indeed, Zygmund and others had already defined Hardy spaces on
these domains. The bitter misfortune is that the theory of holomorphic
functions of several complex variables is difficult, and following this
road leads quickly to serious difficulties. Since I prefer simple things, I
agreed with Stein to look for a substitute for holomorphic functions.”

1
The Journal of Geometric Analysis (2021) 31:9143–9145. Originally Italian speech by Guido Weiss while

receiving an honorary degree at University Milan, translated into English by Fausto Di Biase.
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The idea: system of conjugate functions

In the classical case on the unit circle one can consider the Hp

space buy looking at analytic functions F (z) in the unit disk so
that ∫ 2π

0
|F (reiθ)|p dθ ≤ C, 0 ≤ r < 1

F (reiθ)→ F (eiθ) in norm and almost everywhere when r → 1.

Similarly one can consider F = u + iv holomorphic in the
upper-half plane. That is (v ,u) is the gradient of a harmonic
function in R2 so u(x , y) and v(x , y) are harmonic functions
and satisfy the Cauchy-Riemann equations

ux = vy uy = −vx .
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Stein and Weiss (1960) considered in higher dimensions a
vector F = (u, v1 · · · , vn) of harmonic functions of n + 1
variables (x1, ·, xn, y) , that it is a gradient of a harmonic
function h(x1, ·, xn, y) . Then one must have generalized
Cauchy-Riemann equations for y > 0 that could be written as

div F = 0 curl F = 0.

They define Hp to be the space of such “conjugate harmonic
functions F ” that satisfied∫

Rn
|F (x1, ·, xn, y)|p dx ≤ C, 0 < y <∞.

The immediate question was whether these functions have
boundary values as F (x1, ·, xn, y)→ F (x1, ·, xn,0) as y → 0 in
norm and almost everywhere.
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They solved this problem with a crucial result

|F |p is subhamonic if p ≥ n − 1
n

The result is best possible in terms of p .

They then used properties of ”least harmonic majorants”
reducing matters to results about Poisson integrals of functions
in Lp for p ≥ 1, obtaining the convergence to boundary values
in norm for p > n−1

n and almost everywhere for p ≥ n−1
n .
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Quoting Guido again2: “However, the most interesting problem,
which was open even in the one-dimensional case, was the
characterization of distributions on Rn whose Poisson integral
is one of the components of a vector in Hp , 0 < p ≤ 1 ...”

He further noted, “ In 1970, Burkholder, Gundy and Silverstein
using probabilistic techniques managed to characterize those f
[associated to u ] in terms of their ‘smooth’ maximal function
being in Lp . Shortly afterwards, C. Fefferman and Stein
extended this result to n dimensions. This broke the dam and a
flood of other results followed.”

2
Here and it what follows (unless otherwise indicated) the quotes are from the same reference as before.
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Indeed, Fefferman and Stein (1972) characterized Hp ,
0 < p <∞ as the the boundary values of harmonic functions
u(x , y) in Rn+1

+ (i.e. y > 0) for which the non-tangential
maximal function

u∗(x) = sup
{(x ′,y):|x−x ′|<y}

|u(x ′, y)|

is in Lp(Rn) . Moreover they gave the intrinsic characterization
that these boundary values are the distributions in Rn for which

f ∗φ(x) = sup
|x−x ′|<y

|φy ∗ f (x ′)|

is in Lp(Rn) for an appropriate approximation of the identity φy .
This together with the proof that (H1)∗ = BMO revolutionized
the field.3

3
BMO is the collection of f (modulo constants) for which 1

|Q|
∫

Q |f (x)− fQ | dx < C <∞ for all cubes Q ,

and where fQ is the average of the function over Q .
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Before we move to the next topic we need to mention the “Stein
and Weiss” and the “Stein” books

Generations of harmonic analysts were trained with these books
(mandatory reading at Wash U.)
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Atoms and Molecules (∼ 70’s)

Continuing with Guido’s words: “The most important of these new
discoveries was the atomic theory Hp spaces that was announced by
Coifman in one dimension and, a little later, extended by Coifman and
myself to higher dimensions and to ‘spaces of homogeneous type.’...

Moreover, the properties of many important operators (Calderón-
Zygmund operators, pseudo-differential operators, etc.) can be easily
studied by applying them to these atoms. Indeed, the result of
applying these operators to atoms turns out to be a very simple
combination of atoms, which Coifman and myself called ‘molecules.’ ”
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For simplicity consider the atomic decomposition of H1 . Every
function in f ∈ H1 can be written us

f =
∞∑

k=1

ckak

where
∑
|ck | <∞ and ak are “atoms”, i.e.

suppak ⊂ Qk , ‖ak‖L∞ ≤ |Qk , |−1,

∫
ak (x)dx = 0

Moreover, ‖f‖H1 ≈ inf{
∑
|ck | : f =

∑
ckak}

Atomic decompositions provide a great way to study certain
operators.
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For example, let T be a Calderón-Zygmund operator (CZO)
bounded on L2 and associate to a kernel K such that

|∂αK (x , y)| . |x − y |−n+|α|, |α| = 0,1.

Let a be supported in cube Q centered at the origin and let Q̃
be the double of such cube. Here is the “standard computation”∫

|Ta(x)|dx ≤
∫

Q̃
|Ta(x)|dx +

∫
Rn\Q̃

|Ta(x)|dx = I + II

From the L2 boundedness of T and the compact support of a
I . |Q|1/2‖Ta‖L2 . |Q|1/2‖a‖L2 . |Q|‖a‖L∞ < C

On the other hand for x /∈ Q̃ , using the cancellation of a

|Ta(x)| =
∣∣∣∣∫

Q
(K (x , y)− K (0, y))a(y)dy

∣∣∣∣ . ∫
Q
|y ||x−y |−(n+1)|a(y)|dy

. |Q|1+1/n‖a‖L∞ |x |−(n+1) . |Q|1/n|x |−(n+1)
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It follows that for any atom (does not need to be centered at 0)

‖Ta‖L1 ≤ C (1)

independent of a , and from the atomic decomposition for any
f =

∑
ckak ∈ H1

‖Tf‖L1 .
∑
|ck |

‖Tf‖L1 . ‖f‖H1

Actually “any reasonable” operator satisfying (1) extends to a
bounded operator from H1 to L1 .
For a CZO, T ∗ satisfies the same properties as T . So, by
duality,

T : L∞ → BMO

and the same with T ∗ .
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Suppose now that T is a classical singular integral

Tf = p.v .K0 ∗ f with p̂.v .K0 ∈ L∞.

Then since a has mean zero,∫
T (a)dx = (̂Ta)(0) = ̂(p.v .K0).â(0) = 0 (2)

and by linearity T maps H1 into a subspace of L1 of functions
of mean zero. It actually maps into H1 , something that can be
proved using “molecular decompositions”.
Remark: We made the observation for future reference that (2)
above can be interpreted as

0 =

∫
T (a)dx = 〈1,T (a)〉 = 〈T ∗1,a〉

and so T ∗1 = 0 as an element of BMO .

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

Suppose now that T is a classical singular integral

Tf = p.v .K0 ∗ f with p̂.v .K0 ∈ L∞.

Then since a has mean zero,∫
T (a)dx = (̂Ta)(0) = ̂(p.v .K0).â(0) = 0 (2)
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For simplicity consider the case n = 1. The computations we
did before on Ta actually give that for an atom center at x0(∫
|Ta(x)|dx

)2

≤
(∫
|Ta(x)|2 dx

)1/2(∫
|x − x0|2|Ta(x)|2 dx

)1/2

≡ N2(Ta)

where N(Ta) is called the molecular norm of Ta .

A function m so that N(m) <∞ and
∫

m,dx = 0 is called a
molecule.

For any molecule m

‖m‖H1 . N(m)

(with a constant independent of m )

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

For simplicity consider the case n = 1. The computations we
did before on Ta actually give that for an atom center at x0(∫
|Ta(x)|dx

)2

≤
(∫
|Ta(x)|2 dx

)1/2(∫
|x − x0|2|Ta(x)|2 dx

)1/2

≡ N2(Ta)

where N(Ta) is called the molecular norm of Ta .

A function m so that N(m) <∞ and
∫

m,dx = 0 is called a
molecule.

For any molecule m

‖m‖H1 . N(m)

(with a constant independent of m )

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

For simplicity consider the case n = 1. The computations we
did before on Ta actually give that for an atom center at x0(∫
|Ta(x)|dx

)2

≤
(∫
|Ta(x)|2 dx

)1/2(∫
|x − x0|2|Ta(x)|2 dx

)1/2

≡ N2(Ta)

where N(Ta) is called the molecular norm of Ta .

A function m so that N(m) <∞ and
∫

m,dx = 0 is called a
molecule.

For any molecule m

‖m‖H1 . N(m)

(with a constant independent of m )
Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

Moreover, any f ∈ H1 admits a molecular decomposition

f =
∑

j

mj with
∑

j

N(mj) . ‖f‖H1 .

On the other hand any molecular decomposition satisfies

‖f‖H1 .
∑

j

N(mj).

If T is a Calderón-Zygmun operator the N(Ta) ≤ C indepen. of
the atom. So if in addition T ∗1 = 0, we get that Ta is a
molecule and if f =

∑
ckak

‖Tf‖H1 = ‖T
(∑

ckak

)
‖H1 .

∑
ckN(Tak ) .

∑
|ck |

T : H1 → H1

Similar results holds for Rn , Hp , 0 < p < 1 and T with enough
regularity and cancellation.
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Again in Guido’s words: “This fact [mapping atoms into molecules]
may be seen in perfect analogy to the diagonalization of a
self-adjoint matrix. This discovery launched a method that
enables the study of almost all function spaces which appear in
analysis, besides Hardy spaces.”

This building block are universal “almost eigenfunctions” for “all”
Calderón-Zygmund operators. Similar results holds for Hp ,
0 < p < 1 allowing to study CZOs, interpolation, duality, etc...
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The Coifman and Weiss universes:

Spaces of homogeneous type (SHT) (∼ 70’s)

By freeing the Hp theory of any differential geometry and group
theoretic properties of Rn beyond some relationship between
the Euclidean metric and the Lebesgue measure, Coifman and
Weiss extended it to a plethora of settings.

A space of homogeneous type is a topological space X
endowed with a Borel measure µ and a quasi-metric4 d such
that
• µ (B(x , r)) > 0
• µ (B(x , r)) ≤ Aµ (B(x , r/2))
for all x ∈ X and r > 0.

4
d(x, y) = d(y, x), d(x, y) = 0 ⇐⇒ x = y, and d(x, y) ≤ k(d(x, z) + d(z, y))
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Examples:

1) Rn with Lebesgue measure but non-isotropic metrics.

2) Rn with the Euclidean distance but a different doubling
measure

3) Several group theoretic contexts

4) The boundary of a Lipschitz domain with the Euclidean
distance and harmonic measure

5) A variety of situations in several complex variables

Both the Calderón-Zygmund theory and the Hp theory (at least
for some p ≤ 1) extend to the context of SHT!
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More mandatory readings
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 83, Number 4, July 1977 

EXTENSIONS OF HARDY SPACES AND THEIR 
USE IN ANALYSIS 

BY RONALD R. COIFMAN AND GUIDO WEISS1 

1. Introduction. It is well known that the theory of functions plays an 
important role in the classical theory of Fourier series. Because of this certain 
function spaces, the Hp spaces, have been studied extensively in harmonic 
analysis. When p > 1, If and Hp are essentially the same; however, when 
p < 1 the space Hp {% much better adapted to problems arising in the theory 
of Fourier series. We shall examine some of the properties of Hp for p < 1 
and describe ways in which these spaces have been characterized recently. 
These characterizations enable us to extend their definition to a very general 
setting that will allow us to unify the study of many extensions of classical 
harmonic analysis. 

The theory of Hp spaces on Rn has recently received an important impetus 
from the work of C. Fefferman and E. M. Stein [29]. Their work resulted in 
many applications involving sharp estimates for convolution operators. It is 
not immediately apparent how much of a role the differential structure of R" 
plays in obtaining these results. Our purpose is to isolate from this theory some 
of the measure theoretic and geometric properties that enable us to obtain in 
a unified form many of these applications as well as other results in harmonic 
analysis. We shall not deal with those questions involving Hp spaces that are 
not relevant to our purpose. Some general references involving harmonic 
analysis and Hp spaces are [23], [64], [27], [62], [57] and [55]. 

The main tool in our development is an extension and a refinement of the 
Calderón-Zygmund decomposition of a function into a "good" and "bad'* 
part. This tool is presented in the proof of Theorem A and is of a somewhat 
technical nature. It is included here in order to make the presentation of the 
theory we develop essentially self-contained. In some examples we give 
applications of this theory that require material not presented here. We do, 
however, give the necessary references. In this sense, we hope that this 
exposition is accessible to a general audience* 

Before beginning our presentation we would like to thank our colleagues 
A. Baernstein, Y. Meyer, R. Rochberg and E. M. Stein who read a large part 
of this manuscript and made many useful suggestions. 

Suppose ƒ is a real-valued integrable function on T, the perimeter of the unit 
disc in the plane (which we identify in the usual way with [-7T, TT)). Suppose ƒ 

1 This paper is based on the material presented by the last-named author in an Invited Address 
to the American Mathematical Society meeting in Saint Louis on April 11-12, 1975. This lecture, 
in turn, was based on results obtained in a collaboration by the two authors of this paper; re-
ceived by the editors January 20, 1976. 

AMS (MOS) subject classifications (1970). Primary 30A78, 42A18, 42A40; Secondary 32A07, 
42A56, 43A85. 

© American Mathematical Society 1977 
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Many others contributed also to the theory, in particular
Mitch Taibleson

Astérisque

MITCHELL H. TAIBLESON

GUIDO WEISS
The molecular characterization of certain Hardy spaces

Astérisque, tome 77 (1980), p. 67-149
<http://www.numdam.org/item?id=AST_1980__77__67_0>

© Société mathématique de France, 1980, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

“Mitchfest” honoring Prof. Mitch Taibleson
on the occasion of his 70th birthday (1999)
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Let’s go back to Guido’s exposition:

“Atoms have the following inconvenient side: they do not form a
basis. The decomposition of f into atoms depends upon f . It is
then natural to look for a basis of atoms which are adapted to
the function space which we are studying. It is now well
understood that this viewpoint leads to wavelets. Indeed, the
first wavelet basis was discovered by J. O. Stromberg when he
constructed an unconditional basis for a Hardy space.”
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Calderón’s Reproducing Formula (CRF) and Wavelets (∼ 80’s)

The CRF goes back the seminal work of Calderón (1964) on
interpolation. Its modern form is

u =

∫ ∞
0

u ∗ φt ∗ φt
dt
t
, (3)

where φ ∈ S(Rn) is real valued, radial, with Fourier transform
compactly supported away from the origin, and such that∫ ∞

0
φ̂(tξ)2 dt

t
= 1 (4)

for all ξ 6= 0.

Interestingly, it was published in essentially this form for the first
time (at least that we are aware of) in a work from Wash. U. in
the 70’s.
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According to Janson and Taibleson5: “Il teorema di rappresentazione
é stato formulato per la prima volta nel corso di un seminario alla
University of Chicago tenuto da Alberto Calderón intorno al 1960 ed é
stato usato (implicitamente) da Calderón 6. In forma esplicita
compare nell’articolo di N. Heideman 7 e in molti altri successive.”

Heideman was a student of Coifman at Wash. U. and the cited article
was his thesis!

The formula was then used a lot in harmonic analysis but was
rediscovered in a more applied context by Grossman and Morlet8

leading to the advent of wavelets carry forward through works of
Meyer, Mallat, Daubechies, and many other authors.

5
Calderón’s representation theorems (Italian, with English summary), Rend. Sem. Mat. Univ. Politec. Torino 39

(1981), no. 2, 27–35 (1982).
6

Intermediate spaces and interpolation, the complex method, Studia Math. 24 (1964), 113-190.
7

Duality and fractional integration in Lipschitz spaces, Studia Math. 50 (1974), 65-85.
8

A. Grossmann and J. Morlet, Decomposition of Hardy functions into square integrable wavelets of constant
shape, SIAM J. Math. Anal. 15 (1984), no. 4, 723-736.
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stato usato (implicitamente) da Calderón 6. In forma esplicita
compare nell’articolo di N. Heideman 7 e in molti altri successive.”

Heideman was a student of Coifman at Wash. U. and the cited article
was his thesis!

The formula was then used a lot in harmonic analysis but was
rediscovered in a more applied context by Grossman and Morlet8

leading to the advent of wavelets carry forward through works of
Meyer, Mallat, Daubechies, and many other authors.

5
Calderón’s representation theorems (Italian, with English summary), Rend. Sem. Mat. Univ. Politec. Torino 39

(1981), no. 2, 27–35 (1982).
6

Intermediate spaces and interpolation, the complex method, Studia Math. 24 (1964), 113-190.
7

Duality and fractional integration in Lipschitz spaces, Studia Math. 50 (1974), 65-85.
8

A. Grossmann and J. Morlet, Decomposition of Hardy functions into square integrable wavelets of constant
shape, SIAM J. Math. Anal. 15 (1984), no. 4, 723-736.

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

Let’s consider the discretization of the CRF. For ν ∈ Z, k ∈ Zn ,
let Q = {Qνk}ν,k be the collection of dyadic cubes, where Qνk
has side length l(Q) = 2−ν and lower left corner xQ = 2−νk .

Changing t = 2−µ in (3), yields (modulo a multiplicative
constant)

u(x) =
∑
ν∈Z

∫ ν+1

ν

∫
Rn

u ∗ φ2−µ(y)φ2−µ(x − y)dy dµ.

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

Breaking the integral in Rn into dyadic cubes of side length 2−ν

and approximating the integration in µ by the value of the
integrand at, say, µ = ν

u(x) ≈
∑
ν∈Z

∑
k∈Zn

∫
Qνk

u ∗ φ2−ν (y)φ2−ν (x − y)dy

Both u ∗ φ2−ν and φ2−ν are supported around frequencies of
the order 2ν , and so they cannot oscillate too much on a cube
of side length 2−ν . We can then attempt the Riemann sum
approximation

u(x) ≈
∑
ν∈Z

∑
k∈Zn

u ∗ φ2−ν (2
−νk)φ2−ν (x − 2−νk)2−νn.

This suggests the possibility of a discrete expansion
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of side length 2−ν . We can then attempt the Riemann sum
approximation

u(x) ≈
∑
ν∈Z

∑
k∈Zn

u ∗ φ2−ν (2
−νk)φ2−ν (x − 2−νk)2−νn.

This suggests the possibility of a discrete expansion
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u =
∑
ν,k

〈u, φνk 〉φνk , (5)

where the functions

φνk (x) = 2νn/2φ(2νx − k) = 2−νn/2φ2−ν (x − 2−νk) (6)

are translated and dilated version of single function φ .
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The above can be formalized in at least two ways.

Y. Meyer constructed an explicit wavelet basis of Schwartz
functions so that the above becomes an orthonormal
decomposition in L2 .

M. Frazier and B. Jawerth justified the above computations
using a version of the sampling theorem in their development of
the φ-transform (leading to a frame not a basis).

Moreover, many function spaces X , such as Lp , Hardy,
Sobolev, Besov, Triebel-Lizorkin, BMO , can be characterized
with the same representation in terms of the only the size of the
wavelets coefficients |〈u, φνk 〉| = |〈u, φQ〉| .
For each space X there is an associated sequence space
S(X ) such that

u ∈ X ⇐⇒ {|〈u, φQ〉|} ∈ S(X )

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

The above can be formalized in at least two ways.

Y. Meyer constructed an explicit wavelet basis of Schwartz
functions so that the above becomes an orthonormal
decomposition in L2 .

M. Frazier and B. Jawerth justified the above computations
using a version of the sampling theorem in their development of
the φ-transform (leading to a frame not a basis).
Moreover, many function spaces X , such as Lp , Hardy,
Sobolev, Besov, Triebel-Lizorkin, BMO , can be characterized
with the same representation in terms of the only the size of the
wavelets coefficients |〈u, φνk 〉| = |〈u, φQ〉| .

For each space X there is an associated sequence space
S(X ) such that

u ∈ X ⇐⇒ {|〈u, φQ〉|} ∈ S(X )

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

The above can be formalized in at least two ways.

Y. Meyer constructed an explicit wavelet basis of Schwartz
functions so that the above becomes an orthonormal
decomposition in L2 .

M. Frazier and B. Jawerth justified the above computations
using a version of the sampling theorem in their development of
the φ-transform (leading to a frame not a basis).
Moreover, many function spaces X , such as Lp , Hardy,
Sobolev, Besov, Triebel-Lizorkin, BMO , can be characterized
with the same representation in terms of the only the size of the
wavelets coefficients |〈u, φνk 〉| = |〈u, φQ〉| .
For each space X there is an associated sequence space
S(X ) such that

u ∈ X ⇐⇒ {|〈u, φQ〉|} ∈ S(X )

Guido Weiss’ mathematical contributions Rodolfo H. Torres

October 8, 2022 University of California – Riverside



Areas, co-authors, and students Early work Hp Atoms - molecules SHT Wavelets -T1 Theorems .

For example,

•u ∈ L̇2
α for α ∈ R ⇐⇒

(∑
Q

(|Q|−α/n|〈u, φQ〉|)2

)1/2

<∞

•u ∈ Lp if 1 < p <∞ or Hp if 0 < p ≤ 1

⇐⇒

∥∥∥∥∥∥
(∑

Q

(|Q|−1/2|〈u, φQ〉|χQ)
2

)1/2
∥∥∥∥∥∥

Lp

<∞

... and for your favorite space ask Michael Frazier ;0)
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Fraizer and Jawerth obtained also smooth atomic and
molecular decompositions

The family {aQ} of smooth atoms satisfies some desirable
properties: they are C∞ , compactly supported on a dilate of Q ,
and have a number of vanishing moments depending on X .
They are normalized so that

|∂γaQ(x)| .γ |Q|−1/2−|γ|/n.

It can be proved that if u ∈ X then

u =
∑

Q

sQaQ where ‖{sQ}‖S(X) . ‖u‖X .

A family {mQ} of smooth molecules for a space X , are a
rougher and less oscillating version of the wavelets φνk . They
have some limited decay away from the cube Q = Qνk and are
normalized like the functions φνk .
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More precisely, they satisfy

|∂γmQνk (x)| .
|Q|−1/2−|γ|/n

(1 + |x−xQ |
l(Q) )N

=
2ν(n/2+|γ|)

(1 + |2νx − k |)N (7)

for all |γ| ≤ M and where N and M depend on the function
space X considered. They have a number of vanishing
moments also depending on X .

Whenever
f =

∑
Q

sQmQ

then f ∈ X and
‖f‖X . ‖{sQ}‖S(X).

It follows that if T (aQ) = mQ then T : X → X
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Guido joined Michel and Björn and they did a CBMS lecture
series relating all these new developments to earlier and
current at the time results in Littlewood-Paley theory and
wavelets and even some about image processing.
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Now you see her, ... now you don’t

The magic of Photoshop (and wavelets)
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T1-Theorems

David and Journé (1984) show that if the kernel of an operator
T satisfies

|∂αK (x , y)| ≤ C|x − y |−(n+|α|), |α| ≤ 1,

then

T : L2 → L2, and hence T : Lp → Lp,1 < p <∞,

if and only if

sup
ξ
(‖T (eix ·ξ)‖BMO + ‖T ∗(eix ·ξ)‖BMO) ≤ C.

To understand the music played by T we need to understand how it
plays each note or pure tone eix·ξ .
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It was a natural question to ask what would be such a result for
other function spaces X admitting a wavelet decomposition.

Frazier, Jawerth, Han and Weiss first looked at this on certain
spaces9 X = Xα

p,q for 0 ≤ α < 1 (“an order of smoothness”)
and 1 ≤ p,q <∞ (“Lp based with a q twist”) by showing that
under certain cancellations of T the operator maps atoms into
molecules.

Then Frazier, Torres, Weiss extended this to all values of the
parameters if K has sufficiently smoothness,

|∂αK (x , y)| ≤ C|x − y |−(n+|α|), |α| ≤ N1,

T (xγ) = 0 for all |γ| ≤ N2 and T ∗(xβ) = 0 for all |β| ≤ N3 .

9
For example, Xαp,q = Ḟα,qp , a homogeneous Treibel-Lizorkin space
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At a party celebrating my thesis defense
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One more comment about Guido’s reference to “diagonalization”

If T is a Caderón-Zygmund operator with enough smoothness
and cancellation, then T maps a wavelet φνk in to a molecule
mνk

T (φνk ) = mνk ∼ φνk

If, say, xνk and xµl are very far apart then

〈T (φνk ), φµl〉 = 〈mνk , φµl〉 =
∫

mνk (x)φµl(x)dx ∼ 0

because both functions decay fast.

Let’s see now what happens when the cubes. Qνk and Qµl
overlap.
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If the scale 2−ν is much lager than the scale 2−µ , then
mνk ≈ constant where φµl lives; but φµl has mean zero

〈T (φνk ), φµl〉 = 〈mνk , φµl〉 =
∫

mνk (x)φµl(x)dx ∼ 0

high frequency – small scale

low frequency – large scale

Waves with different frequencies are invisible to each other.

It follows that the matrix {〈T (φνk ), φµl〉} associated with T is
“almost diagonal”. This is the crucial concept behind all these
decompositions.
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The 90’s and beyond

Guido devoted his efforts in the last decades almost exclusively
to wavelets. He wrote with E. Hernández the book
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Yves Meyer wrote in the Preamble of the book: “It is not just
one more book about wavelets. This unique book is distinct,
since it is co-authored by one of the pioneers of atomic
decompositions. Who else is more appropriate to talk about
wavelets? Indeed atomic decompositions are at the heart of
signal and image processing”.

Meyer further added: “The careful writing of the authors,
Eugenio Hernández and Guido Weiss, is well known and this
book reflects their desire to make this subject most accessible.
It will be applauded by all lovers of the precise, powerful, and
elegant mathematics which Guido Weiss and his school have
promoted.”

After the book Guido also continued to work with Ed Wilson and
many others on topics about wavelets almost to his last days.
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And this how is Guido concludes the note I have been following:

“We now know that wavelets have manifold applications to pure
mathematics as well as in other fields: medicine, oil fields,
signal analysis, turbulence, astronomy, etc.”

“The moral of this story is that it is in the best interest of society
at large to support pure science, even if one wishes to obtain
‘useful’ applications. I hope that this very personal story, which
has been narrated only touching some main points, will at least
inspire you to meditate on its moral, if it has not convinced you
to embrace it altogether.”
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Grazie Guido per la tua matematica, tutoraggio e amicizia.

Te recordaremos por siempre con mucho afecto.
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