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In the Calderon-Zygmund-
Stein-Weiss world .
The challenge was to prove 
estimates in function spaces, via 
real and complex methods. 
Where the Fourier transform, 
and complex spectral theory 
bridge complex and real 
analysis.



It was Zygmund 's view that harmonic analysis provides the 
infrastructure linking all areas of mathematical analysis, from 
complex analysis to partial differential equations to probability 
and geometry.

In particular he pushed forward the idea that tools of complex 
analysis, which include; contour integration, conformal mappings, 
factorization.  Tools which were used to provide miraculous 
proofs in real analysis, should be deciphered and converted to 
real variable tools. 

Together with Calderon, they bucked the trend for abstraction, 
prevalent at the time, and formed a school pushing forward this 
interplay between real and complex analysis.



Our goal is to relate ideas, explorations, and visions that Guido his 
collaborators and students, developed over the last 60 years, to point 
out the continuity  of  ideas between the original analysis of operators 
and functions as developed by Calderon and Zygmund 65 years ago, and 
the current approaches introducing multiresolution analysis for the 
organization and processing of massive high dimensional data .

Guido's foundational vision/program was to extend the reach of 
geometric harmonic analysis, with a goal to illuminate and motivate 
some key programmatic issues, methods. Our goal is to continue 
beyond the original vision into the age of geometries of data and 
knowledge.



A principal bridge was provided by real variable methods, multiscale geometric 
analysis, Littlewood-Paley theory, and formulas  related to Calderon’s multiscale 
representations. 

This whole natural methodology was abstracted to enable the analysis of 
functions and transformations of massive data in high dimensions. 

Originally, in Harmonic Analysis ,geometries were associated to various partial 
differential equations or associated integral operators. 

The partial differential equations considered in mathematics originate in natural 
processes which are governed by temporal or spatial scales. They can often lead 
to abstract multiscale geometric analytics, of functions and  operators.

The unit disc and upper half plane , have always provided the insight to connect 
real fuctions on the boundary with holomorphic functions,  



Our goal here is to describe recent nonlinear analytic tools in the classi-
cal setting ( upper half plane). And show how to transfer them to the higher 
dimensional real setting. 

Together with Guido Weiss we had observed [6] that all harmonic functions 
in higher dimensions are combinations of holomorphic functions on 
subplanes which are constant in normal directions. 
We describe  recent developments in one dimension as well as the higher 
dimensional isometries, and the corresponding efficient approximation 
methods, opening the door for applications in higher dimensions,

Such as image denoising. See [5] for the impact of unwinding on precision
Doppler analysis in 1 dimension, which we expect to carry over to 2 or 3
dimensions.



Malmquist Takanaka bases, these were discovered 
independently about 100 years ago, 
Given any sequence of complex numbers an in the unit disk if

Then we get an orthonormal basis of L2 as follows

Similarly in the upper half plane , if                          diverges then

We get an orthonormal basis for any ordering of the zeroes  

This is clear since multiplication by B is the orthogonal projection 
on the subspace of H2 functions vanishing on an



A door was opened through the following algorithm 



The Blaschke factorization F = B · G  where G is an exponential
G should be ’simpler’
than F because the winding number around the origin decreases.
In fact since |F | = |G| and ln(G) is analytic in the disk we have 
formally
that G = exp(ln |F | + i(ln |F |)∼)) = exp(H (ln |F |)) where H is the 
projection onto the Hardy space. and B = F/G. 
G can be computed easily using the FFT.





In this factorization of F as BG,  the only assumption is that B has 
modulus one on the circle, this implies that each term in the expansion 
is orthogonal to all preceding terms , moreover the residual last term of 
an expansion of length n has a Taylor expansion starting with degree> 
n , we prove that the residual converges to 0 in           
faster than the corresponding residual for the Fourier series.

H p   for   1<p<∞











The frequency resolution  obtained through unwinding enables much 
better estimation of Doppler effect in situation when the velocity we are 
measuring causes little frequency shift , the following result of Dennis 
Healy shows the advantage of using unwinding for measuring velocity of 
blood flow with ultrasound.               

The unwinding shift is steady .







We see that  the zeroes of the Blaschke product capture 
the singular oscillations of the function . 



The analysis of  singular oscillations described above, each 
zero of the first Blaschke term is at the tip of the curved 
droplet, its distance from the top is 1/ (frequency)1/2



Blaschke products on the Half space are similar .  The corresponding theorem is 
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π

x − aj
x − aj0≤ j<n

∏
⎛

⎝⎜
⎞

⎠⎟
1

x − an
    forms an orthonormal basis of H2   if      
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In particular if we pick the hyperbolic grid aj
n = 2n ( j + i),   j∈!

We can construct  an orthonormal wavelet basis as follows

Let  Gn (x) = ( j − i
j + ij≤n
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 represents the whole Blaschke product

   Let       φ(x − n) = ( Γ(i − n)
Γ(−i − n)

) Gn (x)
π (x − (n +1)+ i),and Δ(x) = G

n<0
∏ (2n x)  

Then   for  φ(x) = Γ(x −1+ i)
πΓ(x − i)

.  φ(2n x + j)Δ(2n x) is the desired wavelet basis

= ∞



The scaling function (Projector)  on three 
levels for the holomorphic wavelets



Iterated systems and  wavelet bases , on the disk.
Relation with deep neural networks

consider     z1− az
1− az

= β1(z)

define      βn+1(z) = βn (β1(z))
βn (z)  is a Blaschke product with   2n   zeroes  generating a corresponding 

MT basis 

It is easy to prove that this gives an orthonormal basis, a 
multiscale basis.  More generaly the composition of two inner 
functions is an inner function , generating a dynamical system 
on the disc, with invariant orbit on the  circle .  



consider     z z − a
1− az

= β1(z)

define      βn+1(z) = βn (β1(z))
βn (z)  is a Blaschke product with   2n   zeroes  generating a corresponding subspace Vn = H2 − βn (z)H

2

This is the  space spanned by all 2n   TM basis functions obtained from the roots of βn (z),

 the projection operator on this space at the scale 2n  is given as   (Pn f )(z)) = f (z)− βn (z)(1 / 2π i f (eiθ )βn (e
iθ )

1− e− iθz∫ dθ )

The basis of  ψ l
n   of  Wn =Vn+1 −Vn ,  is obtained by computing the 2n  new roots ak

n  of βn+1(z) 
ordering them in θ  around the circle and forming
 Takanaka Malmquist orthogonal functions,  which we multiply by βn (z)

 ψ l
n (z) = βn (z)(

z − ak
n

1− ak
nz1

l−1

∏ )
(1− al

n 2
)1/2

1− al
nz

(Pn+1 − Pn ) f (z)) = (1 / 2π i {βn (z)βn (e
iθ )−

1− e− iθz∫ − βn+1(z)βn+1(e
iθ )

1− e− iθz
} f (eiθ )dθ

 



The binary tree generated by iterating  8 times  B(z)=z z − .a
1− az

  for  a=.5+.1i

The zeroes of this Blaschke product are at the bottoms of each droplet, the corresponding orthogonal 
"wavelets basis" are the partial Blaschke products .  

V1

V2



Multi scale tree generated  by iterating   z2 1− az
1− az

= β1(z)



The function

Mapped to the unit disk



The iteration of the preceding Blaschke product



Consider the analogous situation in the upper half plane z=x+iy,  y>0
A Blaschke product  with zeros at  ak =α k + iβk

is given as
z −  ak

z −  akk
∏ = B(z),     on the real axis  B(x)= eiϕ (x )

where  ϕ '(x) =
k
∑ βk

π[(x −α k )
2 + βk

2 ]
> 0

 ϕ(x) =
−∞

x

∫
k
∑ βk

π[(t −α k )
2 + βk

2 ]
dt = σ ( x −α k

βkk
∑ )    

σ (x)=arctg(x)+π /2 is a "sigmoid"
This is precisely a Neural Net representation of the phase
 





Lifting holomorphy by a rotation method





















As we all know complex methods, such as interpolation of operators, or the
remarkable proofs by Calderon of the boundedness in L2 of commutators with
the Hilbert transform, or the Cauchy integral on Lipschitz curves are power-
ful tools. Over the years the goal has been to convert them into real variable
methods. 
In parallel the quest for higher dimensional complex tools is contin-
uing, see the examples [6] in which various systems generalizing holomorphic
functions to higher dimension are studied. The point here, is that the infinite
dimensional θ-holomorphic functions generate all of these systems through
the choice of appropriate multipliers (as described for the Riesz system) 



Observe also that, for simplicity, we restricted our attention to 2 dimen-
sions in cylindrical coordinates. 
We could have defined more generally power
series in the variable Zε = (x · ε) where ε satisfying; (ε · ε) = 0 , 
represents a point on the complex quadric with |ℜε| = 1, |ℑε| = 1. , 
or a two Dimensional  plane spanned by ℜε, ℑε.
Clearly we can extend the preceding discussion to this setting. 
Where;
Zε = (x·ε) is the point t+is in the complex plane with coordinate tℜε+isℑε
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This talk is a report on an 
extensed collabora9on between
Guido Weiss ,
R Coifman, Michel Nahon , Hau
Tieng Wu, Stefan Steinerberger , 
Jacques Peyriere ,
T Qian 
A paper will appear in the volume 
dedicated to Guido Weiss, as well
as in Arxiv shortly


